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Abstract

We investigate an algebraically simple family of hybrid vertical coordinates which possess the
advantages of isentropic coordinates at high elevations but gradually and smoothly make the
transition to terrain-following coordinates at the lower levels. The family of coordinates has
parameters by which we can choose the approximate elevation characteristic of the broad tran-
sition between isentropic and terrain-following behavior, or the degree of ‘dilution’ of the coor-
dinates at upper levels with ‘sigma’. We illustrate the effects of these parameters on the vertical
distribution of hybrid coordinate levels and we estimate the relative magnitudes of numerical
truncation error associated with the calculation of the horizontal pressure gradient force as
the result of using either pressure and geopotential or Montgomery potential and potential
temperature as dependent variables. We claim no special merits for the particular family of
hybrid coordinates we have employed here; rather we have used a relatively simple parameter-
ized family as representative of a much larger class of hybrids, in the hope that the qualitative
conclusions drawn from this study have a validity that extends more generally.

1. INTRODUCTION

For pressure, p, the standard ‘sigma’ vertical coordinate of Phillips (1957), defined:

o=—, 1.1
2 (1.1

or its convenient generalization to the case of a model with a top at finite pressure, pr:
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where p, denotes the terrain-level pressure, have the valuable property that the terrain surface
itself coincides with a constant value of the vertical coordinate, but share the unfortunate defect
of imposing a strong imprint of the topographic profile upon the elevation of the coordinate sur-
faces at all levels below the top. As a result, the calculation of each horizontal pressure gradient
force component at any point in a grid column over steep terrain involves the extraction of a
relatively small residual quantity from the difference of two large opposing terms. Percentage
errors in the calculation of either of these terms usually leads to a greatly amplified percentage
error in the desired residual. Errors of this kind can have various manifestations, depending on
details of the formulation of the model, and, in the worst cases, can lead directly to significant
persistent errors in the forecasts. There are remedies that work well with certain special forms
of the vertical thermal profile (e.g., Corby et al. 1972) but there seems to be no scheme seems
entirely satisfactory with all possible profiles. For a discussion of these problems, see Mesinger
and Janji¢ (1985) and Janjié¢ (1989).

Within the context of terrain-following coordinates, there is apparently no completely sat-
isfactory remedy to the aforementioned problem of estimating an accurate horizontal pressure
gradient. However, by judicious modifications to the definition of the vertical coordinate, it is



at least possible to confine the vertical extent of this problem to a relatively small fraction of
the vertical column close to the ground. At higher altitudes, we may choose to let the coordi-
nates tend either towards a quasi-horizontal family of surfaces, such as contant-p or constant-z
(geometrical height above mean sea level) or towards the family of isentropic surfaces defined by
the condition that potential temperature 6 is constant on each surface. In these special cases,
for a hydrostatic model, the horizontal pressure gradient force is expressible as some multiple
of the gradient on the coordinate surface of a single potential. However, the isentropic family of
vertical coordinates is especially attractive for other reasons. For one, the atmospheric motion
is largely confined to be a flow approximately tangent to these surfaces (the exception occurs
only where diabatic forcings are strong). Therefore, where the vertical coordinate becomes
close to isentropic, the truncation errors associated with vertical advection tend to be substan-
tially reduced because, in effect, there is very little ‘vertical’ advection going on, relative to
the coordinate system adopted. Eliassen and Raustein (1968, 1970) were early pioneers in the
application of purely isentropic vertical coordinates in atmospheric models. Various forms of
the governing equations in generalized vertical coordinates were provided by Kasahara (1974).
More recent developments (Bleck 1978, Uccellini et al. 1979, Zhu et al. 1992, Bleck and Ben-
jamin 1993, Konor and Arakawa 1997) recognize the value of ‘hybridizing’ the 6 variable with
o at low levels in order to keep the convenience of terrain following coordinates. The beneficial
consequences of a hybrid coordinate system for the treatment of the long-range transport of
water vapor in a general circulation model have been documented by Johnson et al. (1993),
although their coordinate system involves a sharp interface separating theta levels above from
sigma levels below. Another reason to favor an approximately isentropic coordinate is that,
within vertical zones of pronounced thermal inversion, where the horizontal velocity and hu-
midity variables tend to change rapidly, the isentropic coordinates automatically enhance the
resolution of these zones. One might therefore reasonably hope that, through the adoption of
an approximately isentropic vertical coordinate, the overall effective vertical resolution of the
model becomes correspondingly enhanced.

While admitting the potential advantages we have just mentioned, we should temper our
enthusiasm for the isentropic ‘theta-hybrid’ coordinates with the recognition that difficulties
can arise, not only from the intrusion of elevated or warm terrain, but, even at high altitudes,
from the multi-valuedness of 8 with height that can occur in association with vertically well-
mixed layers. To allow for such occurrences, the formulation of any hybrid coordinate system
must be provided with appropriate safeguards to ensure that, even in the midst of a well mixed
layer, the coordinate increases smoothly and monotonically with height.

In this note we explore the behavior of a family of hybrid theta-sigma coordinates which
smoothly makes the transition from a sigma-like terrain-following system near the ground to-
wards an isentropic coordinate system aloft, but which never attains the status of a pure isen-
tropic coordinate system within the model’s interior. By always mixing a positive amount of
‘sigma’ in the coordinate definition, we avoid the difficulties associated with mixed layers, even
at higher altitudes (where mixing can still occur as a result of breaking gravity waves and other
processes). Our proposed family of coordinates is also given sufficient generality to include
the cases of the pure sigma-like coordinate systems for which the top level is one of constant
pressure; these special cases occur at the extreme value of one of the parameters of the family.
Since these sigma-like coordinates are already in use in existing models, the generalization of the



vertical coordinate proposed here should facilitate the testing and development of the auxiliary
components of these models, such as, for example, the semi-implicit solvers, in a progressive
migration towards the goal of a theta-hybrid vertical coordinate framework. For example, the
techniques that are successful in making a sigma coordinate model semi-implicit often rely on
a vertical spectral decomposition which may not be immediately applicable in the intended
theta-hybrid coordinate. However, by examining the numerical behavior of a model using a
vertical coordinate with some intermediate formulation, as is permitted by the general family
of coordinates we propose, it may be relatively simple to determine the appropriate remedial
modifications that the hybrid coordinate requires.

The next section describes the algebraic construction of simple hybrid coordinates possessing
desirable properties. Section 3 investigates the horizontal pressure gradient errors associated
with different coordinates under the idealized assumption of negligible vertical discretization
errors, and Section 4 concludes.

2. CONSTRUCTING HYBRID COORDINATES

It is convenient to adhere to the convention that all our putative hybrid coordinates are
‘rectified’, or oriented so as to increase with increasing altitude, and go from zero at the ground
to one at the model top. The families of hybrid coordinates are composed of suitable mixtures
of potential temperature (which usually increases with height) and either hydrostatic pressure
(which decreases with height) or geopotential height itself. To simplify the construction and
interpretation of the hybrids, it is also convenient to rectify and normalize the scales of potential
temperature and pressure such that their normalized versions tend mainly to increase with
height with a value of unity representing either the model top or at least some comparable
altitude, and such that the terrain value of the normalized quantity is some positive value
closer to zero than to unity. For example, we define the rectified and nondimensionalized
pressure-type variable,

p= 2.1
bL —pr 21)
and rectified sigma-type variable, o
g=0"Px (2.2)
1 — Py

for some constant standard reference pressure, pr, somewhat larger than any typical pressure
at the ground or at sea-level. Another standard pressure, pg, (typically chosen to be 1000 mb)
is used in the definition of the potential temperature:

0:T<%>ﬂ (2.3)

with Poisson’s constant x defined in terms of the gas constant R and the constant-pressure
specific heat, C):
R
k=—=2/T. 2.4
&= (24)
The rescaling of potential temperature will involve setting one constant value, 07, characterizing
the model top, and another constant value, 0y, required to be slightly smaller that any actual



value of € encountered within the model domain. The rescaled potential temperature, 6, is then

defined:
0—0r

f=—"2. 2.5
—s (2.5)
(a) A hybrid p-o coordinate
For a positive constant, 7, the term,
T L~
W:T(l_p)a (26)
o
has the properties: W > 1 when 6 < 1 and W — 0 as p — 1. Therefore, the function,
op (2.7)

Rl

acts as a hybrid coordinate that exhibits sigma-like terrain-following behavior where 6 < 1 but
is more pressure-like as p becomes close to unity. Other pressure-sigma hybrid coordinates are
described in Simmons and Burridge (1981) and Simmons and Striifing (1981) in the context of
the ECMWEF’s semi-implicit spectral model. Our ‘transition parameter’, 7, exerts a degree of
control over the proportions of the model atmosphere partitioned predominantly into terrain-
following and pressure-like behavior for the coordinate (. Fig. 1 illustrates the effect of the
transition parameter by showing the elevations of vertical coordinate surfaces over a terrain
surface whose elevation changes between zero and 4 km when the atmosphere is horizontally
stratified. The coordinate values are increasing from 0 to 1 in 40 uniform increments of 0.025 in
each case. Fig. la shows the rectified sigma coordinate, &. In comparison, the pressure-sigma
hybrid coordinates given by (2.7) are shown in Fig. 1b for 7 =0.2 and in Fig. 1lc for 7 =0.5.
Both choices keep the upper coordinate surfaces more nearly horizontal than the corresponding
sigma coordinate but, for the smaller value of 7 the transition towards level coordinate surfaces
tends to occur lower. For these examples the pressure constants are defined:

pr = 1200 mb, (2.8)
pr = 150 mb.

(b) A hybrid 0-0 coordinate
The behavior of the weight function,

~

W =—(1—-0), (2.10)
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is completely analogous to that of (2.6), but now, W — 0 as 6 — 1. This immediately suggests
the -0 hybrid coordinate analogous to (2.7):

(= (2.11)



However, the transition that parameter 7 controls is now between o-like behavior low down
and more nearly isentropic behavior at upper levels. This function-based formulation of hybrid
coordinates is somewhat closer conceptually to those of Zhu et al. (1992) or the even more
general formulations discussed by Konor and Arakawa (1997) than the construction procedure
described by Bleck and Benjamin (1993).

Fig. 2a shows the thermal profile (both temperature and potential temperature are plotted)
for the stratification used to graph the coordinates of Fig. 1. For the same horizontally uniform
stratification, Figs. 2b and 2c show the uniformly spaced ¢ coordinates implied by (2.11) for
pr = 150 mb as before, and for the additional parameter choices:

T o= 02 (2.12)
0, = 220K, (2.13)
Oy = 390 K. (2.14)

In Fig. 2b and Fig. 2c¢ we illustrate the effects of the transition parameter, 7, whose values
are respectively 7 =0.2 and 7 =0.5. In the former case, we see significant bunching of the
coordinates near the ground over the higher reaches of the terrain but a relatively speedy
transition towards predominantly 6 coordinates above the upper inversion. In Fig. 2c there
is much less intense bunching at the high ground and more gradual and prolonged transition
towards . This trend continues with still higher values of 7, as we see in Fig. 3, which follows
the format of Fig. 2 except with panels (b) and (c) corresponding to the parameter choices
7 =1.0 and 7 = 2.0 respectively. In these cases, the enhancement of resolution within the lower
inversion is very slight, becoming almost imperceptible near its intersection with the terrain.
The resolution of the upper inversion remains high, owing to the fact that, at these higher
altitudes, the hybrid coordinate remains dominated by the 6 contribution and is only weakly
influenced by the effect of terrain.

We note that the distributions of the coordinate surfaces shown in Figs. 2 and 3 are almost
certainly not suitable choices for an actual model, where we would probably prefer to provide
relatively higher vertical resolution in the boundary layer and give much less emphasis to
resolving the stratosphere. These illustrations merely show the level distributions for equally-
spaced values of the coordinate (; there is, of course, nothing to prevent levels of an actual model
from being chosen from a non-uniform distribution in ( if desired, provided such a distribution
is at least derived from a smoothly varying function of ¢ so as not to degrade the quality of
vertical numerical differencing and other standard discrete operators that a model requires.

(¢) Generalization to include sigma coordinates as a special case

For model development it is useful to formulate the hybrid coordinates within a family
sufficiently general to include the sigma coordinates as a special case. If the parameterization
of the family is continuous, this then allows model code originally designed to run in sigma
coordinates to be adapted, without loss of continuity, to the more general coordinates that
incorporate the theta-sigma hybridization. One way to proceed is to define a new variable v
to be a simple mixture of 6 and P — P«, where p, is the value of p at the ground, and p is as
defined in (2.1). We let « be the mixing parameter:

v=(1—-a)d +a(p— ps), (2.15)



and define the value this quantity is to have at the model top by:
v =1 — ap. (2.16)

Our generalization of the hybrid coordinate,

=5+ (1 —a)TT(vT—v)’ (2.17)

is then easily shown to give the expression (2.11) when a=0 and to give ( =6 when a =
1. For intermediate values of «, we obtain a coordinate system possessing some features of
the theta-sigma hybrid. For example, Fig. 4 shows the new generalized coordinate, for the
same horizontally uniform thermal profile (Fig. 4a), with 7 =0.5 and with other coordinate
parameters the same, but now using (2.17) with (b) @ =0.2 and (c) a =0.8. Compared with
the corresponding « = 0 case, which is identical to Fig. 2c, the effect of the small positive « is
seen in Fig. 4b to show up as a slightly reduced resolution of the lower inversion and the slight
additional tilting of all the coordinate surfaces, especially those at upper levels where, formerly,
the terrain had very little influence. For the much larger value of a =0.8 shown in panel (c)
the terrain seems to be the dominating influence and the enhancement of resolution within the
inversions is almost negligible. Of course, for the further augmented choice, @ =1, we would
obtain the ‘generalized sigma’ distribution of Fig. la once more.

(d) Remarks

In the construction of these hybrid coordinates we have used a definition of & based on
pressure. In a nonhydrostatic model, it would probably be more appropriate to employ the
‘hydrostatic pressure’ here, based on vertical mass-integals, which would allow a natural gen-
eralization of the form of dynamics advocated by Laprise (1992). Alternatively, there is an
equally valid family of hybrid coordinates corresponding to each of the families, (2.7), (2.11)
and (2.17), in which we replace the rectified pressure (including in the definition of &) by a
normalized geopotential, defined by analogy to (2.1):

s pL—¢

(v (2.18)
so that the corresponding definition of & in (2.2) is now equivalent to the height-based terrain-
following coordinate proposed by Gal-Chen and Somerville (1975). Other variations on the
same algebraic theme are obtained for the theta-hybrid coordinate by, for example, replacing 6
by the (dry) entropy, or any other smooth and monotonic function of 6.

3. HORIZONTAL PRESSURE GRADIENT ERRORS

In the vicinity of steep terrain, all terrain following coordinate systems engender errors in
the computation of the horizontal pressure gradient force. This occurs even when the actual
atmosphere is perfectly stratified into horizontal layers so that there is no actual pressure



gradient component in the horizontal. If we employ pressure p and geopotential ¢ as the
dependent variables for these calculations, with the density given by p, we must use the identity:

1 1
;V(z)p = ;Vgp + Vg(ﬁ, (3.1)

which holds in both hydrostatic and, with minor modification to the last term, to nonhydro-
static circumstances. Fig. 5 reproduces the same thermal profile as before (a) together with a
contouring of the spurious pressure gradient obtained with the generalized sigma coordinates,
¢ defined by (2.2) when the horizontal width of the sloping terrain is 600 km, resolved with
40 grid intervals of 15 km, and when centered second-order (b) and fourth-order (c) spatial
differencing is used to estimate the derivatives of ¢ and p along the 6 surface. In these ideal-
ized calculations, we only include the contributions to the truncation errors arising from the
quasi-horizontal differencing, implicitly assuming these errors to be dominant in practice, which
would be essentially the case for a dense vertical distribution of model levels. (In experiments
not shown here, the errors are reduced when the horizontal grid resolution is enhanced.) Con-
tours are at intervals of 107> m s~2 or, in terms of an equivalent geostrophic wind magnitude,
about 0.1 m s~! for a Coriolis parameter of 10~* s~!. Contours are staggered with respect to
zero, in order to minimize the visual noise. Clearly, without changing the vertical coordinates,
the numerical errors are significantly reduced merely by replacing the second-order differencing
by fourth-order evaluations.

The effect of changing the vertical coordinate to the hybrid defined by (2.11) is seen in
Fig. 6. The differencing is as in Fig. 5 and most of the coordinate parameters are as before
and with 7 =0.5. Already, we see a significant reduction in the errors, amounting essentially
to the elimination of obvious error at the upper inversion. What errors remaining tend to be
concentrated just above and below the lower inversion, rather than within the inversion layer
itself, where the coordinate slope is smaller (see Fig. 2c). At fourth-order, the errors seem to
be almost completely removed even at the lower inversion. However, we must bear in mind
that the idealized thermal distribution, being horizontally uniform, is especially favorable to
f-like coordinates to the extent that there is no horizontal thermal gradient present to tilt
such coordinates. We shall see below that the calculations involving derivatives of pressure and
geopotential are not free of significant errors for hybrid coordinates in a baroclinic environment;
in such a case, the derivation of the horizontal pressure gradient force from derivatives of
Montgomery potential, M, and potential temperature, , might be more appropriate.

The Montgomery potential is defined in terms of conventional variables,

M=¢+C,T, (3.2)

(Haltiner and Williams 1980) and, in a hydrostatic atmosphere, satisfies

oM
— =11 3.3
60 7 ( )
where the Exner pressure function,
I1=Cy (p/po)" (3.4)



multiplies the potential temperature, 6, to give C,T. The horizontal pressure gradient in a
hydrostatic atmosphere is expressible,

1
~Vop = VM — V0. (3.5)

Although one would certainly not use this combination of terms in a o-coordinate model,
it is nevertheless useful, for a comprehensive comparison, to see the extent of the cancellation
of errors that occurs in this case with the same horizontally uniform profile. As we see in
Fig. 7, where panels (b) and (c) again depict the errors that correspond to using second- and
fourth-order differencing, these errors are now very large, exceeding the equivalent of 1 m s~! in
implied geostrophic wind within the lower inversion at second-order and being almost as large
in the fourth-order case. However, with the hybrid coordinates, 7 = 0.5, Fig. 8 shows that the
errors within the upper inversion (where, being close to having 6 coordinates, the Montgomery
potential term almost completely dominates the pressure gradient calculation) are effectively
eliminated, while the errors in the lower inversion are much reduced except at the terrain surface
itself.

We have already remarked that using a horizontally stratified atmosphere for these error
evaluations artificially favors the hybrid coordinates at upper levels. Therefore, we now consider
the case in which the vertical profile in the center of the domain remains as it was before, but
a horizontal thermal gradient is imposed, being a uniform 0.25 K per horizontal grid space
on surfaces of constant pressure, and where the terrain variations are removed and surface
pressure is constant. The geopotential for this solution is numerically integrated on a set of
finely-spaced pressure levels, on which the ‘true’ pressure gradient (which now does not vanish)
is calculated on these levels using eighth-order horizontal derivatives of the geopotential. Other
mass variables (including the hybrid coordinate variable) are also computed on this vertically
fine grid. Fig. 9 shows the coordinate surfaces that result from (2.17) with the same parameters
as before except 7 =0.5 and with, (b) & =0 (i.e., the coordinate belongs to the special family,
(2.11)) and, (c) = 0.2, which ‘dilutes’ the theta-hybrid with additional ‘sigma’ at all levels.
Visually, the differences between these two coordinate distributions are hard to see, being mainly
a subtle reduction in the slope of the coordinates in the case of panel (c). For the coordinates
of Fig. 9b, the errors arising from using the derivatives of pressure and geopotential at second-
and fourth-order are shown respectively in Figs. 10b and 10c. As always, the use of higher-
order differencing leads to a marked reduction in the magnitudes of the errors, which now tend
to be localized to just above and below the upper inversion and just below the tropopause,
where weakly stable stratification and strong baroclinicity combine. In terms of the equivalent
geostrophic wind, the errors remain well below the 1 m s~' level and, since the geostrophic wind
itself is almost two orders of magnitude greater than this at these levels, the percentage error we
incur is probably acceptable. However, if we were to use Montgomery potential and potential
temperature gradients instead, the errors (not shown) are quite negligible at these elevations,
despite the steep coordinate slopes. Another way to reduce the errors for this atmospheric state
without switching to the use of the Montgomery and potential temperature variables is to adopt
the more general coordinate (2.17) with a small positive a. Taking the case of the coordinate
of Fig. 9c¢ (a=0.2) leads to the errors shown in Fig. 11, which are substantially smaller than
those of Fig. 10 in this particular atmosphere, especially in the case of fourth-order differencing.



4. DISCUSSION AND CONCLUSIONS

In a series of relatively simple idealized atmospheric states, and with some equally idealistic
assumptions that vertical discretization errors are relatively insignificant, we have investigated
how the choice of vertical coordinate is likely to affect the size of the error in the calculation
of the horizontal pressure gradient force in the presence of sloping terrain or in a baroclinic
environment. We find in virtually every case that the errors implied by using fourth-order
horizontal differences are much smaller than those resulting from using second-order differences.
The trend continues at even higher orders, although we have not presented the results here.
We also find that the problems that theta-hybrid coordinates have in elevated mixed or weakly
stable layers, when the horizontal pressure gradient is computed as the difference between
terms involving derivatives of pressure and geopotential from (3.1), are greatly alleviated when
the coordinate definition includes a slight dilution with ‘sigma’, as occurs when the formula
(2.17) is used with a small positive a. Then, the errors at fourth-order seem well within
acceptable bounds, even when using pressure and geopotential variables in the calculation.
For a nonhydrostatic model, this is attractive because the force term is completely determined
from just these two variables. The alternative use of the variables, Montgomery potential and
potential temperature, leads to substantial further improvements in accuracy for the hydrostatic
calculation of horizontal pressure gradient in even the simpler (o = 0) theta-hybrid coordinates,
but, in a nonhydrostatic model, the gradient of a third variable must be included to account
for the full nonhydrostatic effect. For example, the addition to the right-hand side of (3.5) of a
term proportional to the gradient of the geopotential, weighted by the nonhydrostatic residual
vertical acceleration, is sufficient to correct this equation in the nonhydrostatic case (Zuwen
He, personal communication).

On the basis of the results obtained here, we would certainly recommend using the Mont-
gomery potential form, (3.5) of pressure gradient in any hydrostatic model that employs a
theta-hybrid coordinate. With the modification mentioned above, this would probably be the
best choice also for a nonhydrostatic model, although, provided high-order numerics are em-
ployed, the errors would still be acceptable even if the conventional pressure and geopotential
variables were employed using (3.1), and then an additional calculation of a gradient would be
avoided. However, for results of the best quality, regardless of whether we have a hydrostatic
or nonhydrostatic model, we would recommend the combination of high-order spatial numerics,
a theta-hybrid vertical coordinate (possibly with weak dilution with ‘sigma’ at all levels to
avoid problems with mixed or weakly stratified layers at high altitudes), and the adoption of
the Montgomery potential in the horizontal pressure gradient calculations to ensure that these
force terms remain accurate over the largest extent of the domain under the widest range of
typical conditions.
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Figure 1. (a) The disposition of modified sigma coordinates, &, at uniform spacing assuming a model top at p; =
180 mb with terrain sloping to 4 km. (b) Pressure-sigma hybrid coordinates defined by (2.7) for pr = 1100 mb
and with 7 =0.2. (c) Same as (b) but with 7 =0.5.
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Figure 2. (a) A vertical profile of temperature (solid) and corresponding potential temperature (dotted) for a

stratified synthetic atmosphere with an approximately isentropic layer up to an inversion at around 3 km and

a tropopause at around 12 km. (b) The uniformly spaced theta-sigma hybrid coordinates for this stratification
and with the parameters defined in (2.12)—(2.14) and 7 =0.2. (c) Same as (b) but with 7 =0.5
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Figure 3. Same as Fig. 2 but with: (b) 7 =1.0; (¢) 7 = 2.0.
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Figure 4. Same as Fig. 2(c) with 7 = 0.5, but with: (b) @ =0.2; (¢) «=0.8
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Figure 5. The same profile (a) as in previous figures, together with contours of the numerical error incurred

in evaluating the horizontal pressure gradient force using derivatives of pressure and geopotential. The vertical

coordinates are the sigma coordinates. No numerical error is assumed for operations in the vertical direction. In

the horizontal, we assume the grid of 40 spaces spans the domain of width 600 km (i.e., a 15 km grid spacing.

The error contours, being in units of 10™°m s~2, translate to units of 107 m s™* in equivalent geostrophic wind

when a value of 107*s™! is taken for a typical midlatitude Coriolis parameter. (b) the errors using second-order
horizontal differencing; (c) using conventional centered fourth-order differencing.
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Figure 6. Same as Fig. 5 but using the hybrid coordinates of Fig. 2(c) with 7= 0.5.
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Same as Fig. 5 but estimating the horizontal pressure gradient force using the derivatives of the
Montgomery potential and potential temperature on the sigma coordinates.
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Figure 8. Same as Fig. 7 but using the hybrid coordinates of Figs. 2(c) and 6 with 7=0.5
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(a) The previously used thermal profile that now applies to the center of the domain, in which a
horizontal thermal gradient along constant pressure surfaces of 0.25K per grid unit (still 15km) is imposed. In
this case, there is no orography and the surface pressure is kept constant. (b) The hybrid coordinates with
previously defined constants except 7 = 0.5 and a =0.. (c) Same as (b) except o = 0.2
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Figure 10. (a) Central domain thermal profile as in Fig. 9. (b) Errors in the horizontal pressure gradient in the
hybrid coordinates of Fig. 9(b) when using derivatives of pressure and geopotential with second-order derivatives.
(c) Same as (b), but using fourth-order derivatives.
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Figure 11. Same as Fig. 10, but for the hybrid coordinates of Fig. 9(c) in which = 0.2
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